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Abstract
We characterize the doubled Grassmann graphs, the doubled Odd graphs, and the Odd graphs by
the existence of sequences of strongly closed subgraphs.
c© 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction
Known distance-regular graphs often have many subgraphs with high regularity. For
example the doubled Grassmann graphs, the doubled Odd graphs, and the Odd graphs
satisfy the following condition.
For any given pair (u, v) of vertices there exists a strongly closed subgraph
containing them whose diameter is the distance of u and v. In particular, any ‘non-
trivial’ strongly closed subgraph is distance-biregular, and that is regular iff its
diameter is odd.
Our purpose in this paper is to prove that a distance-regular graph with this condition is
either the doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
First we recall our notation and terminology.
All graphs considered are undirected finite graphs without loops or multiple edges.
Let Γ be a connected graph with usual distance ∂Γ . We identify Γ with the set of vertices.
The diameter of Γ , denoted by dΓ , is the maximal distance of two vertices in Γ . Let
u ∈ Γ . We denote by Γ j (u) the set of vertices which are at distance j from u. Let
kΓ (u) := |Γ1(u)|. A graph Γ is called a regular graph of valency k if kΓ (u) = k for
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all u ∈ Γ . A graph Γ is called biregular if it is bipartite and kΓ (u) depends only on the
part that the vertex u belongs to.
For two vertices u and x in Γ with ∂Γ (u, x) = j , let
C(u, x) := Γ j−1(u) ∩ Γ1(x),
A(u, x) := Γ j (u) ∩ Γ1(x)
and
B(u, x) := Γ j+1(u) ∩ Γ1(x).
We denote by c(u, x), a(u, x) and b(u, x) their cardinalities, respectively.
We say ci exists if ci = c(x, y) does not depend on the choice of x and y under the
condition ∂Γ (x, y) = i . Similarly, we say ai exists, or bi exists.
It is clear that b0 exists iff Γ is a regular graph of valency k = b0.
A graph Γ is said to be distance-regular if ci , ai and bi−1 exist for all 1 ≤ i ≤ dΓ . Let
r(Γ ) := max{i | (ci , ai ) = (c1, a1)} for a distance-regular graph Γ .
A bipartite graph Γ with bipartition Γ+ ∪Γ− is called distance-biregular if c(u, x) and
b(u, x) depend only on j = ∂Γ (u, x) and the part that the base point u belongs to. In this
case we write c+j , c
−
j , b
+
j and b
−
j for the corresponding constants depending on j and the
part that the base point belongs to.
The reader is referred to [2, 4] for more detailed descriptions of distance-regular graphs
and distance-biregular graphs.
Let Γ be a connected graph and∆ be a non-empty subset of Γ . We identify∆ with the
induced subgraph on it. A subgraph∆ is called geodetically closed if C(u, v) ⊆ ∆ for any
u, v ∈ ∆.∆ is called strongly closed if C(u, v)∪ A(u, v) ⊆ ∆ for any u, v ∈ ∆. It is clear
that a strongly closed subgraph is always geodetically closed.
We say the condition (SC)t holds if for any given pair of vertices at distance t there
exists a strongly closed subgraph of diameter t containing them.
The main results in this paper are the following:
Theorem 1.1. Let Γ be a distance-regular graph of diameter dΓ and r := max{i |
(ci , ai ) = (c1, a1)} with r + 3 ≤ dΓ . Then the following conditions are equivalent.
(i) Γ is isomorphic to either the doubled Grassmann graph, the doubled Odd graph, or
the Odd graph.
(ii) The conditions (SC)t hold for all 1 ≤ t ≤ dΓ − 1. Any strongly closed subgraph of
diameter t with r + 1 ≤ t ≤ dΓ − 1 is a non-regular distance-biregular graph if t is
even, or a bipartite distance-regular graph if t is odd.
(iii) The conditions (SC)t and (SC)t+1 hold for some t with r + 1 ≤ t ≤ dΓ − 1. A
strongly closed subgraph of diameter t is a non-regular distance-biregular graph.
Theorem 1.2. Let Γ be a distance-regular graph of diameter dΓ and r := max{i |
(ci , ai ) = (c1, a1)}. Let t be an integer with r + 1 ≤ t ≤ dΓ − 2. Suppose (ct−1, at−1) =
(ct , at ) = (1, 1) and the condition (SC)t+1 holds. Then Γ is isomorphic to either the
doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
To close this section we collect the facts obtained directly from the definition.
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Let Γ be a connected graph of diameter dΓ . We remark that Γ1(x) = C(u, x) ∪
A(u, x) ∪ B(u, x) for any u, x ∈ Γ . If Γ is a regular graph of valency k such that ci
and ai exist, then bi also exists with bi = k − ci − ai . Thus a connected graph Γ such that
ci and ai exist for all 1 ≤ i ≤ dΓ is distance-regular if Γ is regular.
Similarly a connected biregular graph Γ such that ci exists for all 1 ≤ i ≤ dΓ is
distance-biregular.
Let∆ be a connected subgraph of Γ with diameter d∆. If∆ is geodetically closed, then
∂∆(x, y) = ∂Γ (x, y) for any x, y ∈ ∆. So we also write ∂Γ (x, y) for the distance in a
geodetically closed subgraph. If ai of Γ exists with ai = 0 for all 1 ≤ i ≤ d∆, then a
subgraph ∆ is strongly closed iff it is geodetically closed. We remark that a graph Γ is
bipartite iff ai exists with ai = 0 for all 1 ≤ i ≤ dΓ . In this case the notion ‘strongly
closed’ coincides with ‘geodetically closed’ .
Assume that ∆ is a strongly closed subgraph of Γ . If ci and ai of Γ exist for all
1 ≤ i ≤ d∆, then ci and ai of ∆ also exist for all 1 ≤ i ≤ d∆ which are the same as
those of Γ . In this case∆ is distance-regular (resp. distance-biregular) if it is regular (resp.
biregular).
Let Γ be a distance-regular graph of diameter dΓ . Then Γ itself is a strongly closed
subgraph of Γ . Hence (SC)dΓ always holds. Conversely it is not hard to see that a strongly
closed subgraph with diameter dΓ has to be Γ itself.
Suppose Γ is a distance-regular graph without induced subgraph K2,1,1. For any pair
(u, v) of vertices with ∂Γ (u, v) ≤ r(Γ ) let∆(u, v) be the subgraph induced by the vertices
lying on the singular lines on each edge of the unique shortest path connecting u and v.
Then ∆(u, v) is a strongly closed subgraph of diameter ∂Γ (u, v) and hence (SC)t holds
for all 1 ≤ t ≤ r(Γ ). Conversely a strongly closed subgraph of diameter less than or equal
to r(Γ ) is a subgraph induced by a union of some singular lines of Γ .
A strongly closed subgraph∆ of a distance-regular graph Γ is called trivial if d∆ = dΓ ,
or d∆ ≤ r(Γ ).
We should consider ‘non-trivial’ strongly closed subgraphs.
2. Projective incidence graphs
In this section we recall projective incidence graphs.
The results in this section are already well known. We write these with brief proofs
because the projective incidence graphs include the two important families of distance-
regular graphs, namely the doubled Odd graphs and the doubled Grassmann graphs. The
projective incidence graphs satisfy the conditions (SC)i , for all i and every strongly closed
subgraph corresponds to a subspace.
To recall these results is helpful to understand the results in this paper.
Let m and n be integers with 0 ≤ m < n. Let q = 1 or q be a prime power.
Let V be a vector space of the dimension n over the finite field Fq with q elements when
q is a prime power.
When q = 1, let V be a set of size n. Then we also say a vector of V for an element
of V , a subspace of V for a subset of V , the dimension of subspace x for the size of x and
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the factor space by a subspace w for the set obtained by removing the elements of w for
convenience.
For subspaces x , y of V we denote by 〈x, y〉 the subspace of V generated by x ∪ y
when q = 1 and 〈x, y〉 := x ∪ y when q = 1. We denote by Vi the set of all i -dimensional
subspaces of V . For any positive integer j , let ( j)q := 1 + q + q2 + · · · + q j−1.
Let Gq(n,m) be the bipartite graph with bipartition Vm ∪ Vm+1 where x ∈ Vm and
α ∈ Vm+1 are adjacent iff x ⊆ α. The graph Gq(n,m) is called the incidence graph of an
(n,m)q -projective incidence structure or an (n,m)q -projective incidence graph.
First we recall the following well-known fact.
Proposition 2.1. Let Γ be an (n,m)q -projective incidence graph.
(1) If 2m + 2 ≤ n, then Γ is a distance-biregular graph of diameter dΓ = 2m + 2.
(2) If 2m + 1 = n, then Γ is a distance-regular graph of diameter dΓ = 2m + 1.
Remarks.
(1) An (n, n − 1)1-projective incidence graph is isomorphic to the complete bipartite
graph K1,n .
(2) The distance-regular graph Gq(2m + 1,m) is known to be the doubled Odd
graph when q = 1, and the doubled Grassmann graph when q > 1 (see
[4, Sections 9.1.D and 9.3.C]).
(3) Let W be a subspace of V . We define W⊥ to be the complement of W when q = 1,
and W⊥ := {v ∈ V | (v,w) = 0 for any w ∈ W } when q > 1, where ( , ) is a
non-degenerate symmetric bilinear form on V .
Then for any subspaces X and Y of V , we have X ⊆ Y iff X⊥ ⊇ Y⊥. We also have
dim X⊥ = n−dim X . This shows that an (n,m)q -projective incidence graph is isomorphic
to an (n, n − m − 1)q-projective incidence graph.
So we may assume 2m + 1 ≤ n.
The rest of this section Γ denotes an (n,m)q -projective incidence graph with
2m + 1 ≤ n.
Lemma 2.2. Let x, y ∈ Vm and α, β ∈ Vm+1.
(1) ∂Γ (x, y) = 2i iff dim(x ∩ y) = m − i and dim〈x, y〉 = m + i . In particular,
C(x, y) = {γ ∈ Vm+1 | y ⊆ γ ⊆ 〈x, y〉}.
(2) ∂Γ (α, β) = 2i iff dim(α∩β) = m + 1− i and dim〈α, β〉 = m + 1+ i . In particular,
C(α, β) = {z ∈ Vm | (α ∩ β) ⊆ z ⊆ β}.
(3) ∂Γ (x, α) = 2i + 1 iff dim(x ∩α) = m − i and dim〈x, α〉 = m + 1+ i . In particular,
C(x, α) = {w ∈ Vm | (x ∩ α) ⊆ w ⊆ α} and C(α, x) = {δ ∈ Vm+1 | x ⊆ δ ⊆
〈x, α〉}.
Proof. We prove the assertions by induction on i . The assertions are true when i = 0. Let
t ≥ 1 and assume that the assertions are true for all i < t .
Suppose dim〈x, y〉 = m + t . Let γ ∈ Vm+1 such that y ⊆ γ ⊆ 〈x, y〉. Then
dim〈x, γ 〉 = dim〈x, y〉 = m + t . This implies ∂Γ (x, y) = 2t − 1 and hence ∂Γ (x, y) = 2t
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from the inductive assumption. Conversely if ∂Γ (x, y) = 2t , then for any γ ′ ∈ C(x, y)
we have m + t ≤ dim〈x, y〉 ≤ dim〈x, γ ′〉 = m + t from the inductive assumption. This
implies dim〈x, y〉 = m + t and γ ′ ⊆ 〈x, y〉. In particular, we have dim(x ∩ y) = m − t
and C(x, y) = {γ ∈ Vm+1 | y ⊆ γ ⊆ 〈x, y〉}.
Suppose dim(α∩β) = m+1− t . Let z ∈ Vm such that (α∩β) ⊆ z ⊆ β. Then we have
dim(α ∩ z) = dim(α ∩ β) = m + 1− t . Hence ∂Γ (α, z) = 2t − 1 and ∂Γ (α, β) = 2t from
the inductive assumption. Conversely if ∂Γ (α, β) = 2t , then for any z′ ∈ C(α, β) we have
m + 1− t ≥ dim(α ∩ β) ≥ dim(α ∩ z′) = m + 1− t from the inductive assumption. This
implies that dim(α∩β) = m+1− t and (α∩β) ⊆ z′. It follows that dim〈α, β〉 = m+1+ t
and C(α, β) = {z ∈ Vm | (α ∩ β) ⊆ z ⊆ β}.
The assertions (1) and (2) are true when i = t .
Similarly we have that assertion (3) is true when i = t . The lemma is proved. 
Proof of Proposition 2.1. If 2m + 2 ≤ n, then there exist η, η′ ∈ Vm+1 such that
dim(η ∩ η′) = 0. Hence ∂Γ (η, η′) = 2m + 2 and dΓ = 2m + 2 from Lemma 2.2.
If 2m + 1 = n, then there exist p ∈ Vm and η ∈ Vm+1 such that dim(p∩ η) = 0. Hence
∂Γ (p, η) = 2m + 1 and dΓ = 2m + 1 from Lemma 2.2.
Let x ∈ Vm and α ∈ Vm+1. Then we have
b(x, x) = |{δ ∈ Vm+1 | x ⊆ δ}| = (n − m)q
and
b(α, α) = |{w ∈ Vm | w ⊆ α}| = (m + 1)q .
It follows that Γ is biregular. Moreover Γ is regular iff n = 2m + 1.
For any β ∈ Γ2i−1(x), y ∈ Γ2i (x), z ∈ Γ2i−1(α) and γ ∈ Γ2i (α), Lemma 2.2 implies
that dim(x ∩ β) = dim(α ∩ γ ) = m + 1− i and dim〈x, y〉 = dim〈α, z〉 = m + i . Then
c(x, β) = |{w ∈ Vm | (x ∩ β) ⊆ w ⊆ β}| = (i)q ,
c(x, y) = |{δ ∈ Vm+1 | y ⊆ δ ⊆ 〈x, y〉}| = (i)q,
c(α, z) = |{δ ∈ Vm+1 | z ⊆ δ ⊆ 〈α, z〉}| = (i)q
and
c(α, γ ) = |{w ∈ Vm | (α ∩ γ ) ⊆ w ⊆ γ }| = (i)q .
The proposition is proved. 
Next we prove the following result.
Proposition 2.3. An (n,m)q -projective incidence graph Γ satisfies the conditions (SC)t
for all 3 ≤ t ≤ dΓ −1. Any strongly closed subgraph of Γ with diameter t is a non-regular
distance-biregular graph if t is even, or a bipartite distance-regular graph if t is odd.
We remark that Γ is bipartite and hence a subgraph ∆ is strongly closed iff it is
geodetically closed.
Let w and w′ be subspaces of V such that w ⊆ w′. Define
Λ[w,w′] := {z ∈ Γ | w ⊆ z ⊆ w′}.
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Lemma 2.4.
(1) Let s and t be integers with 0 ≤ s ≤ m < s+ t ≤ n. Let w and w′ be subspaces of V
with the dimension s and s + t , respectively. Then Λ[w,w′] is a geodetically closed
subgraph which is isomorphic to Gq(t,m − s).
(2) Let x ∈ Vm and α ∈ Vm+1 with ∂Γ (x, α) = 2i + 1. Then Λ[(x ∩ α), 〈x, α〉] is a
geodetically closed subgraph of diameter 2i+1 which is isomorphic to Gq(2i+1, i).
(3) Let α, β ∈ Vm+1 with ∂Γ (α, β) = 2i . Let z be a subspace of V with 〈α, β〉 ⊆ z. Then
Λ[(α ∩ β), z] is a geodetically closed subgraph of diameter 2i which is isomorphic
to Gq(2i + j, i − 1), where j = dim z − dim〈α, β〉.
(4) Let x, y ∈ Vm with ∂Γ (x, y) = 2i . Let z′ be a subspace of (x ∩ y). Then
Λ[z′, 〈x, y〉] is a geodetically closed subgraph of diameter 2i which is isomorphic to
Gq(2i + j, i − 1), where j = dim(x ∩ y)− dim z′.
Proof. (1) Take any u, v ∈ Λ[w,w′] and any p ∈ C(u, v). Then Lemma 2.2 implies
w ⊆ (u ∩ v) ⊆ p ⊆ 〈u, v〉 ⊆ w′, and thus p ∈ Λ[w,w′]. Hence Λ[w,w′] is geodetically
closed. The rest of the assertion is proved by considering the factor space by w.
(2)–(4) These follow from (1) and Lemma 2.2. We remark that Gq(2i + j, i + j) is
isomorphic to Gq(2i + j, i − 1). The lemma is proved. 
Proposition 2.5. Let ∆ be a geodetically closed subgraph of Γ such that d∆ ≥ 3. Set
w :=
⋂
u∈∆
u and w′ :=
〈⋃
u∈∆
u
〉
.
Then ∆ is a projective incidence graph Λ[w,w′].
In particular, any geodetically closed subgraph of a projective incidence graph is also
isomorphic to a projective incidence graph.
Proof. It is clear that ∆ ⊆ Λ[w,w′]. Since Λ[w,w′] is connected, it is enough to prove
that if (x, y) is an edge in Λ[w,w′] with x ∈ ∆, then y ∈ ∆.
We may assume x ⊆ y by considering (n, n−m−1)q -projective incidence graph which
is isomorphic to Γ if necessary.
Let v be a vector of V such that v ∈ y and v /∈ x . Then y = 〈x, v〉. It is not hard to see
that there exists z ∈ ∆ such that v ∈ z since v ∈ y ⊆ w′. Then we have x ⊆ y ⊆ 〈x, z〉
and thus y ∈ C(z, x) ⊆ ∆ from Lemma 2.2.
Therefore∆ is a projective incidence graph Λ[w,w′].
Let ∆′ be a geodetically closed subgraph of Γ with d∆′ ≤ 2. Then ∆′ is a tree of
diameter at most 2. Hence∆′ ∼= K1,s for some s which is an (s, s−1)1-projective incidence
graph. 
Proof of Proposition 2.3. The first assertion follows from Lemma 2.4 (2)–(4). The second
assertion follows from Propositions 2.5 and 2.1. 
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3. The Odd graphs
Let X be a set of size 2d + 1 and Xd be the set of all d element subsets of X . The Odd
graph Od+1 is the graph whose vertex set is Xd and two vertices are adjacent iff they are
disjoint.
A connected graph Γ of diameter dΓ ≥ 2 is called antipodal if the relation on vertices
at distance 0 or dΓ is an equivalence relation. In this case, the folded graph of Γ is defined
as the graph whose vertices are equivalence classes under the above equivalence relation,
and two classes are adjacent if they contain an edge of Γ .
It is known that the Odd graph is a distance-regular graph of diameter d , b0 = d + 1,
ai−1 = 0 and ci =
[
i + 1
2
]
for all 1 ≤ i ≤ d.
Moreover the doubled Odd graph G1(2d + 1, d) is an antipodal graph and its folded graph
is isomorphic to the Odd graph Od+1 (see [4, Section 9.1]).
Lemma 3.1.
(1) Let Γ be an antipodal distance-regular graph and t be a positive integer with
2t + 2 ≤ dΓ . If Γ satisfies the condition (SC)t , then its folded graph Γ also satisfies
the condition (SC)t . In particular, any strongly closed subgraph of Γ is isomorphic
to a strongly closed subgraph of Γ .
(2) The Odd graph Od+1 satisfies the conditions (SC)t for all 3 ≤ t ≤ d − 1. Any
strongly closed subgraph of Od+1 of diameter t with 3 ≤ t ≤ d − 1 is a non-regular
distance-biregular graph if t is even, or a bipartite distance-regular graph if t is odd.
Proof.
(1) Let : Γ → Γ (x → x¯) be the folding mapping. Let α, β ∈ Γ with ∂Γ (α, β) = t .
Then there exists x , y ∈ Γ with ∂Γ (x, y) = t such that x¯ = α and y¯ = β. Let
∆ := ∆(x, y) be a strongly closed subgraph of Γ of diameter t containing x and
y. Set ∆ = {z¯ | z ∈ ∆}. Then ∆ is a strongly closed subgraph of Γ of diameter t
containing α and β. In particular,∆ is isomorphic to ∆.
Conversely for any strongly closed subgraph Ψ of Γ define Ψ∗ = {x ∈ Γ | x¯ ∈
Ψ }. Then any connected component ∆ of Ψ∗ is a strongly closed subgraph of Γ
such that ∆ = Ψ . The desired result is proved.
(2) This is a direct consequence of (1) and Proposition 2.3. 
To close this section we introduce the following result proved by Ray-Chaudhuri and
Sprague [9], Cuypers [5], Koolen [8] and Suzuki [10].
Proposition 3.2. Let Γ be a connected graph of dΓ ≥ 5 such that ci exists for 1 ≤ i ≤ 4
with c1 = c2 = 1 < c3 = c4.
(1) If Γ is bipartite, thenΓ is isomorphic to either a doubled Moore graph or a projective
incidence graph.
(2) If Γ is a non-bipartite distance-regular graph with a1 = a2 = a3 = 0, then Γ is
isomorphic to the Odd graph.
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Proof. See [5, Theorems 4.6 and 4.7], [8, Theorem 1.6] and [10, Theorem 1.3]. 
Remark. A doubled Moore graph with kΓ > 3 does not satisfy the condition (SC)4.
4. Proof of the theorems
In this section we prove our main theorems. First we collect several results.
Let Ψ be a connected graph. We define the s-subdivision graph of Ψ to be the graph
obtained from Ψ by replacing each edge by a path of length s.
Let Mk be a Moore graph with diameter 2 and valency k ≥ 3 (see [4, Section 6.7]).
Let G be a 2-subdivision graph of Mk . We denote by G+ the set of vertices contained
in the original graph Mk , and by G− the set of vertices which are added by replacing each
edge by a path of length 2. Then we have |G+| = k2 + 1 and |G−| = (k2 + 1)k/2. In
particular, G is a distance-biregular graph with[
c+j
b+j
]
=
[ ∗ 1 1 1 1 2
k 1 k − 1 1 k − 1 ∗
]
and [
c−j
b−j
]
=
[ ∗ 1 1 1 1 2 2
2 k − 1 1 k − 1 1 k − 2 ∗
]
.
Moreover for any u ∈ G−, we have
|{x ∈ G | ∂G(u, x) = 6}| = (k − 1)
2(k − 2)
2
.
Proposition 4.1 ([10, Theorem 1.1]). Let Γ be a distance-regular graph with diameter
dΓ and r = r(Γ ). Let ∆ be a strongly closed subgraph of Γ of diameter d∆ with
r + 1 ≤ d∆ ≤ dΓ − 1. Then one of the following holds:
(i) ∆ is a distance-regular graph.
(ii) ∆ is a distance-biregular graph and r ≡ d∆ ≡ 0 (mod 2). Moreover a2i−1 = a2i =
0 and c2i−1 = c2i for all i with 2i ≤ d∆.
(iii) ∆ is the 3-subdivision graph of a complete graph or the 3-subdivision graph of a
Moore graph. Moreover d∆ = r + 2 ∈ {5, 8} and (cr+1, ar+1) = (cr+2, ar+2) =
(1, 1).
Proposition 4.2 ([7, Theorem 1]). Let Γ be a distance-regular graph with r = r(Γ ) such
that (SC)t holds for some t with r + 1 ≤ t ≤ dΓ − 1. Then (SC)i holds for all 1 ≤ i ≤ t .
Lemma 4.3. Let Γ be a distance-regular graph of diameter dΓ ≥ 7 and valency k = kΓ
such that c1 = · · · = c4 = 1, c5 = c6 = 2 and a1 = · · · = a6 = 0. Then the following
hold.
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(1) For any pair (u, v) of vertices at distance 6 in Γ there exists the unique 2-subdivision
graph of Mk containing u and v as a geodetically closed subgraph ofΓ . In particular,
k ∈ {3, 7, 57}.
(2) |Γ |(k − 1)2 ≡ 0 (mod k2 + 1).
(3) If dΓ = 7, then no such distance-regular graph Γ exists.
Proof.
(1) See [10, Theorem 4.1].
(2) For any u, v ∈ Γ at distance 6 we denote by ∆(u, v) for the unique 2-subdivision
graph of Mk containing u and v.
Let Ω be the set of all geodetically closed subgraphs of Γ which are isomorphic
to the 2-subdivision graph of Mk . If we count the cardinality of the set
{(∆, (u, v)) | ∂Γ (u, v) = 6,∆(u, v) = ∆ ∈ Ω}
in two ways, then we have
|Γ | × k(k − 1)
4(k − 2)
4
× 1 = |Ω | × (k
2 + 1)k
2
× (k − 1)
2(k − 2)
2
and thus |Γ |(k − 1)2 = |Ω |(k2 + 1). The desired result is proved.
(3) Since k ∈ {3, 7, 57}, there are only finitely many possible parameters for Γ . And we
can rule out all of them by (2). 
Remark. Let Γ be a distance-regular graph as in Lemma 4.3. Then kΓ ∈ {3, 7, 57}.
If kΓ = 3, then Γ has to be the Foster graph by the classification of cubic distance-
regular graphs [3]. In [11, Theorem 3.4] Terwilliger showed that dΓ ≤ 4kΓ − 3 (see also
[4, Theorem 5.2.5]). Hence there are only finitely many possible parameters. In [1], Araya
proved that no such Γ exists when Γ is bipartite with kΓ = 7.
The author believes that there exists no such a distance-regular graph with kΓ = 57.
Here we have the conjecture.
Conjecture. Let Γ be a distance-regular graph such that c1 = · · · = c4 = 1, c5 = c6 = 2
and a1 = · · · = a6 = 0. Then Γ is isomorphic to the Foster graph.
Lemma 4.4. Let r be a positive integer and Γ be a connected graph such that ci and ai
exist for all 1 ≤ i ≤ r + 2 with a1 = · · · = ar+2 = 0 and c1 = · · · = cr < cr+1 = cr+2.
If there exists a strongly closed subgraph∆ of diameter r + 2, then r ∈ {2, 4}.
Proof. ci and ai of ∆ exist for all 1 ≤ i ≤ r + 2. These are the same as those of Γ .
Let x , y ∈ ∆ with ∂Γ (x, y) = r + 2 and z ∈ C(x, y). Then
k∆(y) = c(x, y) = cr+2 < 1 + cr+1 = |{y}| + c(x, z) ≤ k∆(z).
Thus∆ is biregular with r ≡ 0 (mod 2) (see [11, Lemma 3.2] and [8, Proposition 9]).
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It follows that∆ is a distance-biregular graph with the following parameters:[
c+j
b+j
]
=
[ ∗ 1 1 · · · 1 1 c c
c k − 1 c − 1 · · · k − 1 c − 1 k − c ∗
]
and [
c−j
b−j
]
=
[ ∗ 1 1 · · · 1 1 c
k c − 1 k − 1 · · · c − 1 k − 1 ∗
]
,
where c := cr+2 < k. Then we have ∆ is the incidence graph of a Moore geometry and
thus r ∈ {2, 4} (see [4, Theorem 6.8.1]). The desired result is proved. 
Proposition 4.5. Let Γ be a distance-regular graph of diameter dΓ and r = r(Γ ) with
r + 2 ≤ dΓ . Suppose (SC)t holds for some t with r + 1 ≤ t ≤ dΓ − 1 and a strongly
closed subgraph of diameter t is a non-regular distance-biregular graph. Then one of the
following holds.
(i) r = 2 and Γ is isomorphic to either the doubled Grassmann graph, the doubled Odd
graph, or the Odd graph.
(ii) (r, t) = (4, 6), (c5, a5) = (c6, a6) = (2, 0) and kΓ ∈ {3, 57}. In particular, the
condition (SC)7 does not hold.
Proof. We have t ≡ r ≡ 0 (mod 2), a2i−1 = a2i = 0 and c2i−1 = c2i for all i with
2i ≤ t from Proposition 4.1. Since t ≡ r ≡ 0 (mod 2), we have r + 2 ≤ t , and hence the
condition (SC)r+2 holds from Proposition 4.2. Thus we have r ∈ {2, 4} from Lemma 4.4.
If r = 2, then we have (i) from Proposition 3.2.
Suppose r = 4. Then the condition (SC)5 holds from Proposition 4.2, and a strongly
closed subgraph of diameter 5 has to be the generalized 10-gon of order (1, c5 − 1).
Hence we have (c5, a5) = (c6, a6) = (2, 0) by the Feit–Higman’s theorem (see [6], or
[4, Theorem 6.5.1]). In particular, the condition (SC)7 does not hold, otherwise there exists
a strongly closed subgraph of diameter 7 which contradicts Lemma 4.3 (3). We have (ii).
The proposition is proved. 
Proof of Theorem 1.1.
(i) ⇒ (ii): This follows from Proposition 2.3 and Lemma 3.1.
(ii) ⇒ (iii): This is clear.
(iii) ⇒ (i): This follows from Proposition 4.5. 
Lemma 4.6. Let Γ be a distance-regular graph of diameter dΓ and r = r(Γ ). Let ∆ be
a strongly closed subgraph of diameter t with r + 1 ≤ t ≤ dΓ − 1.
(1) ∆ is distance-regular iff (ct−1, at−1) = (ct , at ).
(2) ∆ is non-regular distance-biregular iff (ct−1, at−1) = (ct , at ) = (1, 1).
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Proof. If ∆ is distance-regular of valency k∆, then k∆ = ct + at and bt−1 of ∆ is equal
to k∆ − ct−1 − at−1 = (ct + at )− (ct−1 + at−1). Hence we have (ct−1, at−1) = (ct , at ).
The assertion follows from Proposition 4.1. 
Proof of Theorem 1.2. The condition (SC)t holds from Proposition 4.2. Then a strongly
closed subgraph of diameter t has to be a non-regular distance-biregular graph from
Lemma 4.6. The assertion follows from Proposition 4.5. 
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